For r ∈ R and a, b > 0 the Lehmer mean L r (a, b), logarithmic mean L(a, b), and harmonic mean H (a, b) are defined by 
Introduction
It is well-known that L r (a, b) is continuous and strictly increasing with respect to r ∈ R for fixed a and b with a = b. In the recent past, the Lehmer mean has been attracted the attention of many mathematicians [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Many means are the special cases of the Lehmer mean, for example,
(a, b) is the geometric mean,
Recently, the logarithmic mean has been the subject of intensive research. In particular, many remarkable inequalities for the logarithmic mean can be found in literatures [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . It might be surprising that the logarithmic mean has applications in physics [31] , economics [32] , and even in meteorology [33] . In [31] , the authors study a variant of Jensen's function involving logarithmic mean, which appears in a heat conduction problem. For p ∈ R, let
be the pth power mean and identric mean of two positive real numbers a and b, respectively. Then it is well known that
for all a, b > 0 with a = b.
In [13] , Alzer presented the following sharp upper and lower Lehmer mean bounds for identric mean I(a, b):
Stolarsky [12] established that
In [24, 34, 35] , the authors presented bounds for L and I in terms of G and A as follows:
The following inequalities can be found in [26] :
The following sharp bounds for L, I, (IL) (I + L) in terms of power means are proved in [25] [26] [27] [36] [37] [38] [39] :
for all a, b > 0 with a = b, and the given parameters are best possible. Alzer and Qiu [30] proved that M c (a, b) < The purpose of this paper is to answer the question: For α ∈ (0, 1), what are the largest value p and least value q such that the double inequality
Lemmas
In order to prove our main result, we need several lemmas which we present in this section.
Lemma 2.1. Suppose that α ∈ (0, 1) and x ∈ (1, ∞).
, then
where
Proof. We clearly see that
The discriminants Δ 1 and Δ 2 of the quadratic functions 736t 2 − 908t + 281 and 2338t
2 − 5392t + 4320 satisfy α)L(a, b) .
Main Result
Next, we prove that
where f (x) =
(1−α)(x p+2 −x p +x 2 −1)
We divide the proof of inequality (3.1) into two cases. Case 1. If α ∈ (0, 
